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Abstract 

We consider the obstacle problem with two irregular reflecting barriers for the 
Cauchy-Dirichlet problem for semilinear parabolic equations with measure data. 
We prove the existence and uniqueness of renormalized solutions of the problem 
and well as results on approximation of the solutions by the penaliztion method. 
In the proofs we use probabilistic methods of the theory of Markov processes and 
the theory of backward stochastic differential equations. 

1 Introduction 

Let D C W^, d > 2, be an open bounded set and let /i be a bounded soft measure 
on Dt = [0,T] X D (we call a Radon measure /i soft if it does not charge sets of zero 
parabolic capacity). Suppose we are also given / : Dt x M ^ M, if : D ^ M. and two 
functions /ii,/i2 : Dx — > M such that hi < /i2. In the present paper we investigate the 



obstacle problem 



^ ^ + Atu < -fu- fi on {u > hi}, 
^ + Atu> -fu - fi on {u < h2}, 
hi < u < h2 on Dt , 



_ u{T,-)=ip, u{t,-)\dD=0, t € (o,r). 
Here fu{t,x) = f{t,x,u{t,x)), {t,x) G Dt, and 

z,j=l 

where a : Dt — >• M'^ (8i K'^ is a measurable symmetric matrix-valued function such that 
for some A > 1, 

d 

A-^ < \yf ^ My\^ y e (1.3) 

ij = l 
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for a.c. {t, x) € Dy. 

Problem (1.1) with regular barriers and data is quite well investigated (see, 
e.g., the classical monograph [2]). There are only few papers devoted to problem (1.1) 
with one irregular time-dependent barrier and to our knowledge there is no paper 
on problem (1.1) with two irregular barriers and general soft measure on the right- 
hand side. In [18, 22] the linear problem with one barrier and data is considered. 
Semilinear problem (1.1) with data and / satisfying the Lipschitz and the linear 
growth condition is considered in [9] in the case of one barrier and in [12] in the case 
of two barriers. Note, however, that unlike the present paper, in [9, 12] the function / 
may depend on the solution of (1.1) as well as its gradient. 

The main goal of the paper is to prove the existence and uniqueness of solutions 
of (1.1) in the case where the barriers /ii,/i2 are merely measurable and satisfy some 
kind of separation condition, if G L^{D), f satisfies the monotonicity condition in u 
and some mild growth condition considered earlier in the theory of PDEs with measure 
date (see, e.g., [3]). We are also interested in approximation of solutions of (1.1) by 
the penalization method. As in [9, 12] to study these problems we adopt a stochastic 
approach based on the theory of backward stochastic differential equations. 

The problem of existence and uniqueness of solutions of (1.1) with measure data is 
delicate even for regular barriers. If the barriers are irregular then the additional serious 
problem is to define solutions of (1.1) in such a way to guarantee their uniqueness. The 
classical approach via variational inequalities is not suitable even in the case of one 
barrier and data, because even in that case when the barrier is irregular then in 
general a solution of the variational inequality associated with (1.1) is not unique. 

To overcome the difficulty with uniqueness of solutions one could try to adapt to the 
parabolic case the method of minimal solutions, which was applied successfully in [15] 
to one-sided elliptic obstacle problem with general Radon measure on the right-hand 
side. Unfortunately, the concept of minimal solutions is not directly applicable to the 
two-sided obstacle problem. 

To address the nonuniqueness problem one can also try to adopt the approach from 
the paper [22] devoted to linear parabolic one-sided obstacle problem with data and 
define a solution of (1.1) as a pair (n, u) consisting of a measurable function u : Dt M 
and a soft measure v on Dt such that 



is satisfied in some weak sense, h\ < u < h2 a.e. and v satisfies some minimality 
condition. In case hi, /12 and u are regular, the natural minimality condition says that 



where v'^ denote the positive and the negative part of the Jordan decomposition 
of V, i.e. the reaction measure acts only when u touches the barriers. If /ii,/i2 are 
merely measurable, the problem is to make sense of (1.5), because in general v is not 
absolutely continuous with respect to the Lebesgue measure. A further complication 
arises from the fact that in general u is not quasi-continuous. It is, however, quasi- 
l.s.c, so determined q.e. Therefore one can hope that when the barriers are quasi-l.s.c. 



^+Atu = -fu-t^-iym D, 

u{T,-) = ip, u{t,-)\9D = 0, tG(0,r) 



(1.4) 




(1.5) 
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or quasi-u.s.c, and hence determined q.e., then then minimahty condition holds (the 
integrals in (1.5) are then well defined since v is soft). Unfortunately, even in that case 
the integrals in (1.5) may be strictly positive (a simple example is to be found in [9]). 

Our definition of a solution of (1.1) is based on a nonlinear Feynman-Kaca formula. 
It may be viewed as a probabilistic extension of the definition described above, because 
in the linear case with data our probabilistic solution (u, v) coincides with the 
solution considered in [22]. Let us also note that in the case of one-sided problem the 
first component u of the probabilistic solution is a minimal solution in the sense that 

u = quasi-essinfjv > hi, mi-a.e. : u is a supersolution of problem (1.7)}, (1.6) 

where mi is the Lebesgue measure on ]R_|_ x M'* and 

r ^ + A,u = -fu-f^inD, 

\u{T,-) = <p, u{t,-)^QD = 0, te{0,T). 

Thus, our probabilistic approach leads to a parabolic analogue of a solution considered 
in [15]. In the case of two-sided problem it leads to some variant of (1.6). 

Let X = {X, Ps,x) be a Markov family associated with the operator At and for a 
soft measure 7 on Dt let A"' denote the additive functional of X associated with 7 in 
the Revuz sense (see Section 2). Set 

= inf{t >s:Xti D}. (1.8) 

By a solution of (1.1) we mean a pair {ujv) consisting of a function u on Dt and a 
bounded soft measure u on Dt such that 

U{S, X) = Es,, (l{e>T}<^(^T) + J fu{t, Xt) dt + J d(A^,, + Alt)) (1.9) 

for q.e. {s,x) G Dt and u satisfies a minimality condition introduced in [9]. The 
minimality condition says that for any measurable functions hi , h2 on Dt such that 
hi < h\ < u < h\ < h2 a.e. and the processes [s,T\ i->- h*{t,Xt), i = 1,2, are cadlag 
under Pg^x for q.e. {s,x) G Dt we have 

/•CAT ri^AT 

/ {u-{t,Xt)-h*i_{t,Xt))dAlt= {h*2_{t,Xt)-u-{t,Xt))dAlt=0 (lAO) 

J s J s 

Ps,x-ai^.s. for q.e. {s,x) G Dt, where g-{t,Xt) = \ims<t,s^tgis,Xs) for g = u,hl,h2. 

Our main result says that under natural mild assumptions on the data there exists 
a unique solution (n, i/) of (1.1). Moreover, from the nonlinear Feynman-Kac formula 
(1.9) we deduce that ti is a renormalized (and an entropy as well) solution of problem 
(1.4). If hi, /i2 are quasi-continuous, condition (1.10) has purely analytic interpretation. 
We show that under this additional assumption u is quasi-continuous and (1.10) reduces 
to condition (1.5). In the case of irregular barriers an analytical formulation of the 
minimality condition is possible in the linear case with data. In that case (1.10) 
may be expressed by using the notion of precise version of function introduced in [23] . 

The reason for adopting here probabilistic definition of a solution of (1.1) not only 
pertains to the difficulties with the analytic formulation of the minimality condition 
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for the reaction measure u. One major advantage of the probabiUstic definition is 
that it fits well to a general scheme of proving existence of solutions of equations with 
measure data which was successfully adopted in the paper [13] devoted to semilinear 
elliptic equations with operators associated with general symmetric regular Dirichlet 
forms. The scheme comprises two essentially different parts. In the present context 
the first part consists in using stochastic methods to show existence of a pair (tt, v) 
satisfying (1.9), (1.10) and such that the process t ^ u{t,Xt) has some integrability 
properties. As a matter of fact this part follows rather easily from results on doubly 
reflected BSDEs proved recently in [10]. The second part consists in using the nonlinear 
Feynman-Kac formula (1.9) to prove additional regularity properties of u and to show 
that is a renormalized solution of (1.4). 

Results from [10] are also used to show that the solution of (1.1) can be approxi- 
mated by the penalization method. For instance, we show that under the same assump- 
tions under which there exists a unique solution (u, v) of (1.1), if Un is a renormalized 
solution of the problem 



then Un ^ u q.e. on Dt and Vn„ Vn in the Lebesgue measure. Prom [10] and the 
main result of the present paper it also follows that q.e. on Dt, 



If /i2 = +00 then v" = 0, and so (1.11) reduces to (1.6). Finally, let us mention that 
from [10] and our main result it follows that u can be also characterized as a solution 
of the following stopping time problem (sometimes called Dynkin game) : for any , 
as in condition (1.10), 



for q.e. (s, x) G -Dt, where denotes the set of all stopping times with values in [s, T] 
with respect to the completion of the filtration generated by X. 

In the present paper we are mostly interested in investigation of renormalized (or 
entropy) solutions of (1.1). But it is worth mentioning that as a byproduct of our 
proofs we obtain new results on stochastic representation of solutions of (1.1) and the 
Cauchy-Dirichlet problem (1.7), which can be regarded as problem (1.1) with hi = — oo, 
/i2 = +OC. Some of these results seem to be new even in the case of problem (1.7) with 

data. To our knowledge in all the existing results on stochastic representation of 
solutions to that problem some regularity of the boundary of the domain is assumed. 
In the present paper we do not require any regularity of D. Let us also note that 
in the recent paper [21] the existence and uniqueness of renormalized solutions of the 




^ + AtUn = - fu„ - 1^ - n{un - hi) +n{un-h2) 
Un{T,-)=ip, Unit, ■)\QD = 0, te{0,T), 



u = quasi-essinf{t; > hi,mi-a.e.: u is a supersolution 
of (1.7) with /X replaced by /x — 



(1.11) 




+ hl{5, Xs)l{S<a<T}'^{S<i'' AT} + ^2("^!^a)l{CT<<5}l{<T<eAT} 
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Cauchy-Dirichlet problem with more general than (1.2) divergence form operator (for 
instance j3-Laplace operator) and / not depending on x and satisfying the so-called sign 
condition is proved. In our paper we consider equations with A given by (1.2) but we 
allow / to depend on x. 

2 Preliminaries 

In this section we have compiled some basic facts on diffusions associated with the 
operator At defined by (1.2) and their additive functionals associated with soft measures 
on R_|_ X W^. Here and in the next sections we assume that a satisfies (1.3). By putting 
aij = (5* outside Dt we can and will assume that a is defined and satisfy (1.3) in all 
M+ X W^. 

2.1 Time-inhomogeneous diffusions and additive functionals 

Let O = C(M+;M'^) be the space of continuous M'^-valued functions on M_|_ = [0, -|-cx)), 
X be the canonical process on $7, = a{Xu,u G [s,t]) and for given T > let = 
a{Xu, u G [T+s—t, T]). We define Q as the completion of J^j. with respect to the family 
V = {Ps,^i : is a probability measure on BiR'^)}, where P,,^(-) = f^, Ps,x{-) fi{dx), 
and then we define (Q^) as the completion of J'f (J^/) in G with respect to V. 

Let p denote the fundamental solution for the operator At and let X = {{X, Ps,x) '■ 
{s, x) G IR+ X W^} be a time-inhomogeneous Markov process for which p is the transition 
density function, i.e. 

Ps,xiXt = x;0<t<s) = l, Ps,xiXteT) = J^p{s,x,t,y)dy, t>s 

for any F G B{M.'^). The process X admits the so-called strict Fukushima decomposition, 
i.e. for any T > 0, 

Xt = Xs + As,t + Ms,t, te[s,T], P,,^-a.s. (2.1) 

for every (s, x) G [0. T] x K.'^, where {Ag^t^ < s < t < T} is a two parameter continuous 
additive functional (CAF) of X (with respect to the filtration {Gf}) of zero energy and 
{Ms_t,0 < s < t < T} is a two parameter martingale additive functional (MAF) of X 
(with respect to {Qt}) of finite energy (see [25]). In particular, Mg,. is a {{Qt}, Ps,x)- 
martingale. Moreover, for every {s,x) G [0,T] x W^, 

{Ml,Ml.)t = aij{e,Xg)de, te[s,T], P,,,-a.s. (2.2) 

(see [25]). It follows that under Pg^x the process Bg^. defined as 

Bg,t = j\~\e,X0)dMg,0, t G [s,T], 

where cr • a* = a, is a Brownian motion on [s,T]. It is also known (see [11]) that X 
admits the so-called Lyons-Zheng decomposition, i.e. for any T > 0, 

Xt-X^ = ^Mu,t + \{N^lg_t - K,T+s-u) - <t, s<u<t<T 
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for every {s,x) G [0, T] x R'^, where Ngf is an ({Gf }, P5,a;)-martingale and 

For a measurable M'^-valued function f and s < r < t <T we put 
r f{e, Xe) d*Xe = - f f{e, Xe) {dMs,e + da^f^) 

J T J V 

- r^' ''f(T+s-^,XT+,-0)div,%". 

JT+s~t 

The usefulness of the backward integral defined above comes from the fact that for 
regular f , 



I diyi{e,Xe)d9 = I a-^{{9,Xe)d*Xe, 

J u J u 



s < u < t <T, Pg j;-a.s. 



(see, e.g., [26]). 

Let us recall that for every $ G L2(0, T; i?-i(M^)) there exist / G L'^{[^,T] 
and G G L2([0, T] x W^) such that 

= F + div(G), 

i.e. for every r} G L^(0,T;iI^( 



^(^) = / vf dmi — / G-S/rjdmi. 

The following lemma will be needed in the next section to prove regularity of 
parabolic potentials. 

Lemma 2.1. Assume that $i,$2 G L'^{0,T;H~^{R'^)), D C M'^ is an open bounded 
set and $i = $2 in L'^{0,T; H-^{D)). Then for q.e. {s,x) G Dt, 



/ Me,Xe)de+ / a-'Gi{e,Xe)d*Xe 

J s J s 

= f2{e,Xe)de+ a-^G2{e,Xe)d*Xe, te[s,T), P,,^-a.s., 

J s J s 



where $1 = /i + div(Gi), $2 = /2 + div(G2). 

Proof. Let = {x e D : dist(a;,L»=) > e} and let $f = /f + div(Gf), i = 1,2, 
where ff,Gf are standard regularizations of fi,Gi, respectively. It is an elementary 
check that 

$f = $2 on L\0,T;H-\D,)). 
Since ^>i, $1 ^ -^^([0; ^] x I^*^)! it follows from the above equality that 



$f = $|, mi-a.e. on [0, T] X 
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In [11] it is proved that 

f ft{e,Xe)+ j a-^Gl{e,Xe)d*Xe^ j M9,Xg)d9+ j a-^Gi{9,Xg)d*Xe 

t/S " S " S " s 

uniformly on [s,T] in probability Pg^x for q.e. {s,x) G [s,T] x W^. Let ^^'^ = inf{t > 
s,Xt ^ D^). Then 

me,Xg)de+ a-^Gl{9,Xe)d*Xe= <^lie,Xe)d9 

Jo Jo 

tAi"'" i-thi^'" ftA^''" 

^{9, Xg) d9 = / fi{9, Xg) d9 + / a-^GK^, Xg) d*Xg, 
Jo Jo 

from which the desired result follows, because Ps^j;-a.s. as £ \ 0. □ 

2.2 Time-homogeneous diffusions 

In the next sections it will be advantageous to consider a time-homogeneous diffusion 
determined by X. The standard construction of it is as follows. We set 

n' = R+x n, Pl^^{B) = Ps,x{oJ G O : € B) (2.3) 

and consider the proces X on fi' defined as 

Xt(s, uj) = {s + t, Xs+t{uj)), t > 0. (2.4) 

Let J^/ = cr(Xt,, u <t), F'^ = (t(X„, u < +oo) and let Q'^ denote the completion of F'^ 
with respect to the family V' = {P^ : /U is a probability measure on M+ x M.'^} and 
denote the completion of J-"/ in Q'^ with respect to V' . Then X' = {(Xj , P^ ^); (s, a;) E 
M_l_ X R'^} is a time-homogeneous Markov process with respect to the filtration {Q[} 
with the transition density 

P'{t, {s, x), r) = P{s, x,s + t, Fs+t), (2.5) 

where Fs+t = {x eR'^ : {s + 1, x) G F}. 

For h,t>Owe define 9h : ^' ^ ^' and T(t) : fi' M+ by putting 

9hOj' = {s + h,co), T{t){oj') = s + t = t{0){uj') + 1 

for oj' = {s,uj). Then 

Xt(^;,a;') = Xt+ft(w'), r{t) o Oh = r{t) + h, h,t>0. 

Since the decomposition (2.1) is unique, we may assume that the two parameter AFs 
A,M of (2.1) are defined for all < s < i and that for every {s,x) € M_|_ x R'^ the 
decomposition (2.1) holds true for all t>s. Set 

Atico') = As,s+t{oj), Mt{oj') = Ms,s+t{co), t>0 (2.6) 

for Lj' = {s,(jj). Since Ps,x{-As,t = ^s,w + ^u.tjO < s < n < t) = 1 for every {s,x) G 
M+ X M*^ and M has the same property, it follows from (2.6) and the fact that the 
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energy of A equals zero and the energy of M is finite that A = {At,t > 0} is a CAF of 
X' of zero energy and M = {Mf, t > 0} is a MAF of X' of finite energy. In particular, 
M is a ({^(},P5' .j.)-martingale for every {s,x) e M+ x R'^. Moreover, from (2.1), (2.4) 
it follows that for every {s,x) G M+ x W^, 

Xr(t) = ^r(o) +At + Mt, t>0 Pi,^-a.s. 

(By convention, if ^ is a random variable defined on fl we set ^{oj') = ^{cj) for any 
u' = (s,a;) G $7'. Thus, in particular, X^(j^^{uj') = X^(j.^(^^^i^{oj)). 
Set 

Bt= [ a-\y.e)dMe, i > 0. (2.7) 
Jo 

By (2.2) and (2.6), 

{M\ M^)t = {Ml.,Ml.)s+t = a,j{e, Xe) dO, t > 0, P.Va.s. 

for every (s, x) € M+ x W^. Therefore P is a Brownian motion under Pi. ^ for every 
{s,x) G M+ X M.'^. In fact, by [14, Theorem 12], it is an {^j}-Brownian motion. 

2.3 Capacity and soft measures 

Let W be the space of all u e L'^{R+; H^(R'')) such that ^ G L'^iR+; H-'^{R'^)) 
endowed with the usual norm = ll'"llL2(M+;J?i(Md)) + ll||llL2(K+;if-i(Kd))- 

We define the parabolic capacity of an open set U C M+ x as 

cap{U) = iBi{\\u\\w ■.ueyV,u>lu a.e. in R+ x R"^}. 

The parabolic capacity of a Borel set B C M+ x R'' is defined as 

cap(S) = inf{cap([/") : C/ is an open subset of R+ x R'', S C U}. 

It is known that for a Borel S C R+ x R*^, cap(B) = iff 

/ Ps,mi^t>s:it,Xt)eB)ds = 0, 

where Ps,mi') = J^d Ps,x{-) dx and m denotes the Lebesgue measure on R''. 

From now on we say that some property is satisfied quasi-everywhcrc (q.e. for 
short) if it is satisfied except for some Borel subset of M+ x R"* of capacity zero. 

Let jU be a Borel measure on R_|_ x R*^. We say that /j, is smooth if IJ,{B) = for 
every Borel set B C R+ X R'' such that cap(P) = and there exists an ascending 
sequence {Fn} of closed subsets of R+ x R'^ such that for every compact K C M+ x R*^, 
lim„^oo cap{K\Fn) 0, \fi\{Fn) < oo, n > 1, and fi{R+ x R'^\|J F„) = 0. We say that 
a smooth measure /x is soft if /i is a Radon measure. We say that // is a soft measure 
on y c R+ X R'^ if it is soft and fi{R+ x R'^' \ F) = 0. 

In what follows by A4q we denote the set of all soft measures on (0, T] x D, by A^o,6 
the set of all bounded soft measures on (0, T] x D and by AIq ^ the subset of Alo,6 
consisting of positive measures. 

Let us note that in the literature soft measures are usually defined on (0, T) x D. In 
the present paper we define soft measures on (0, T]x D because in general the obstacle 
reaction measure is concentrated on that set. 
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2.4 Additive functionals and soft measures 

Let Eg^x (resp. E'^ ^) denote the expectation with respect to Pg^x (resp. ^) and let 
nil denote the Lebesgue measure on M+ x W^. Let us recall that a positive CAF A of 
X' and a positive soft measure ^ on x are in the Revuz correspondence if 

/• r+oo 

(M,/)=lima/ (E'g^x e-'''f{Xt)dAt)dmi{s,x) (2.8) 

for every / G jB"'"(M_|- x R'^). If {fi, 1) < +oo then A is called integrable. It is known (see 
[17, 24]) that under (2.8) the family of all integrable positive CAFs of X' and the family 
of all bounded positive soft measures on M_|_ x M"^ are in one-to-one correspondence. In 
what follows the additive functional corresponding to a positive bounded soft measure 
/i will be denoted by A^^. 
Let 

C = inf{t > 0, ^ M+ X D}, Cr = C A (T - t(0)) 

and let p'j^ denote the transition density of the process X' killed at first exit from 
M+ X D, i.e. 

p'oit, {s, x),z)= p'{t, {s, x),z)- £;;^[C < t,p'{t - C, X^, z)], 

where p' is the transition density of X'. It is known that A^ corresponds to iff for 
quasi-every {s,x) G Dt, 



f^^ f{lLt)dA^ = [ [ f{z)p'j,{t,{s,x),z)dfi{z)dt (2.9) 

Jo J J[0,T-s]xD 



for every / G B+{Dt) (see [17]). 

In [9] a correspondence between two parameter additive functionals of X and soft 
measures on Dt is considered. An AF {^^^,0 < s < t < T} of X corresponds to a 
bounded soft measure /x on Dt in the sense of [9] if for q.e. (s, x) G Dt, 

Es,x fit,Xt)dA^,= f{t,y)pD{s,x,t,y)diiit,y) (2.10) 

Js J J[s,T]xD 

for every / G B'^{Dt), where is defined by (1.8) and is the transition density of 
the process X killed at the first exit from D, i.e. 

PD{s,x,t,y) =p{s,x,t,y) - Es,x[^^ < t,p{t - , X^s ,y)]. 

Let us define A = {At,t > 0} as 

At(a;') = <,+t(a;), cv' = {s,u;), t > 0. (2.11) 

Using (2.3)-(2.5) and the fact that Ct('^') = (C*('^) — s) A (T — s) one can show that 
(2.10) is satisfied iff (2.9) is satisfied with A^^ replaced by A. Therefore a two parameter 
AF of X corresponds to in the sense of [9] iff the one-parameter AF A of X' 

defined by (2.11) corresponds to n in the sense of (2.8). 
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Lemma 2.2. Assume that jj, G M.'^^{Dt)- Then for q.e. {s,x) G Dt, 



^0 



E' l^^dAf< +00. 



Proof. Follows from [9]. □ 

We say that a measurable function / : Dt — ?• M is quasi-integrable if the function 
M+ 3 t 1-^ f{^t) belongs to Lj^^{R^) P^ -r-a.s. for q.e. (s, x) G Dx, where we put 
f{s,x) = for {s,x) G Dj,. The set of all quasi-integrable functions on Dt will be 
denoted by qL}{DT)- 

Corollary 2.3. If f e L\Dt) then f € qL^Dt). 

Remark 2.4. Analysis similar to that in [13, Remark 4.4] shows that if for every e > 
there exists an open set C Dt such that cap(Ge) < e and f\Drp\Ge ^ L}{Dt \ G^) 
then / G qL^{DT)- Since Dt is bounded the reverse implication is also true. Indeed, 
assume that / G qL}{DT)- Then extending / on IR+ x by putting zero outside 
Dt we get that Af = jQ/(Xr)dr is finite for every t > 0, which implies that it is a 
PCAF of X'. Directly from the definition of the Revuz duality it follows that / • m\ 
corresponds to the PCAF A. This implies in particular that / -mi is a smooth measure. 
Therefore for every compact K C M+ x and for every e > there exists an open set 
C M+ X M'^ such that ca.^{U^) < e and / G L^{K \ U^). Taking K = D^we get the 
desired result. 

Lemma 2.5. Let /x G M^{Dt), v G M+j(L>t)- // 



Ei^J^dA'^<E',^J^dA'^ 
Jo Jo 



for q.e. {s,x) G Dt then \\iJt\\TV < II^^IItf- 

Proof. By the assumptions, for q.e. {s,x) G Dt, 

nPDis,x,r,y)dii{r,y) < / / pD{s,x,r,y) diy{r,y). (2.12) 
J) Jo Jd 

Let D'' = {xe D;dist{x,dD) > 1/k}, D^ = [l/k,T] x D'' and hk = By [18], 

for every k there exists a minimal solution G L^(0, T; iJ^(£))), in the variational 
sense, of the obstacle problem 

^ - Atek > 0, ^ - Atek = on {e^ > 

efe > hk, 

. eik(0,-)=0, ekit,-)^QD = 0, te{0,T). 

In particular (3^, = ^ - Atej, belongs to M^{Dt) n W'{Dt), where W{Dt) is the 
space dual to 'W{Dt)- In fact, (3k G A1(|'^(Z't) H W'(Dt) because it is known that 
M+(L'r) n W'(L'r) = M+^(i^T) n W'(L't) (see, e.g., [7]). By [1], for q.e. {s,x) G Dt, 

ek{s,x)= I I pD{r,y,s,x)dl3k{r,y). (2.13) 
Jo Jd 
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Prom (2.12), (2.13) and the fact that < < 1 q.e. on Dt it follows that 

/ efe(s, x) d/x(s, a;) < / eh{s,x)dv{s,x) <\\v\\tv- (2-14) 

J Dt J Dt 

The fact that < < 1 q.e. follows from the fact that is the minimal potential 
majorizing hk (see [2]). Indeed, it is an elementary check that A 1 is a potential 
majorizing hk- Therefore < A 1, which implies that < 1. Of course > since 
ejfc > hh- Prom this we get in particular that efe(s,x) = 1 for {s,x) G Dj,. Therefore 
efc(s,x) 1 q.e. on D^. Consequently, letting A; — >■ cx) in (2.14) and using Patou's 
lemma we get the desired result. □ 



3 Backwaird stocheistic differential equations 

Results of this section together with some results on BSDEs proved in [10] form the 
basis for our main theorems on the obstacle problem (1.1). 



3.1 General BSDEs 

Suppose we are given a filtered probability space (J7, ^, {^(}t>o, P). We will need the 
following spaces of processes. 

V (resp. V^) is the space of all progressively measurable cadlag processes V of finite 
variation (resp. increasing processes) such that Vb = 0. is the space of all processes 
y G V such that < +oo, where \V\t denotes the total variation of V on [0, T]. 

2?'', g > 0, is the space all progressively measurable cadlag processes rj such that 
£^supo<«7^ |r/t|^ < +00 for every T > 0. 

ilf^, q > 0, is the space of all progressively measurable processes such that 
EUq \rit? dty'"^ < +00 for every T > 0. 

Let us also recall that a cadlag adapted process rj is said to be of Doob's class (D) 
if the collection {77^ : r is a finite stopping time} is uniformly integrable. 

Let S be a {^t}-Brownian motion, cr be a bounded stopping time, ^ be a Q^- 
mcasurable random variable, A G V and let / : x x R x — t- R be a function 
such that f{-,y,z) is progressively measurable for y G M, G R'^. Let us recall that a 
pair (y, Z) of R X R'^-valued processes is called a solution of BSDE(^, cr, f + dA) if 

(a) Y, Z are {^t}-progressively measurable, Y is cadlag, P{Jq |.^tp dt < +00) = 1, 

(b) t^f{t,Yt,Zt)eL\0,a), P-a.s., 

(c) Yt = ^ + f{s, Ys, Zs) ds + J^^ dAs - Z, dB„ 0<t<a, P-a.s. 

Remark 3.1. The processes Y, Z in the above definition may be considered as processes 
on M_|_. Indeed, if we set Zt = for t > a and Yt = Yfy for t > a the then the equation 
in condition (c) is satisfied for every t > if we admit the convention that = for 
a>b. 

Let us consider the following assumptions. 

(Al) f{-,y,z) is {^t}-progressively measurable for every {y,z) eM.xW^ and f{t,-,z) 
is continuous for every {t,z) G M x M!^, P-a.s., 
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(A2) There is L > such that \f{t,y,z) - f{t,y,z')\ < L\z - z'\ for a.e. i > and 

every y € M, z, z' € W^, P-a.s., 

(A3) There is k G M such that {f{t, y, z) - f{t, y', z)){y - y') < K\y - y'\^ for a.e. t > 
and every G R, z G R'', P-a.s., 

(A4) E\^\ + E /; \fit, 0,0)\dt + E /; d\A\t < +oo, 

(A5) For every r > 0, i ^ sup\y^<^ \f{t,y,0)\ G L^{0,a), P-a.s., 

(AZ) There exist a G (0, 1), 7 > and a nonnegative progressively measurable process 
g such that E \gt\ dt < +00 and P-a.s., 

\f{t,y,z)- f{t,yM<i{gt + \y\ + \z\r 

for a.e. t > and every y G R, 2; G R'^. 

It is known (see [10, Theorem 3.11]) that under (A1)-(A5), (AZ) there exists a 
unique solution {Y,Z) of BSDE(^, cr, / dA) such that Y is of class (D), y G for 
q G (0, 1) and Z G M'' for g G (0, 1). 

3.2 Markov type BSDEs 

Let T > 0, / : i:)T X R X R*^ ->■ M be a measurable function, ip G L^{D). By putting 
(p{t,x) = (p{x) for {t,x) G Dt we will regard ip as defined on Dt- Let /x be a soft 
measure on Dt and B be the Brownian motion defined by (2.7). 

Let {s,x) G Dt- We say that a pair (y*'^,Z*'^) consisting of an R-valued process 
Y^'^ and an R'^-valued process Z^'^ is a solution of BSDEg^xi^, D, f + dfx) if Y^^^, Z*'^ 
are {^^}-progressively measurable, F*'^ is cadlag, t ^ f'{Kt,Yt''' , Zp"") G L^(0,Ct), 
P,Va.s., Pi,^(/o^^ \Zp''\''dr < +00) = 1 and 

y/'" = l{^>T-r(o)}¥'(XT-r(o)) + /(X., F/'^ Z,^'") dr 

+ - Z^'^ dP^, t G [0, Cr] (3.1) 

holds true P^ ,j.-a.s. In other words, (Y^'^, Z^'^) is a solution of (3.1) if it is a solution 
of BSDE(l{^>2-_^(-o)} 9?(Xy_^(-o)), Ct, /(X, •, •) + dAi^) on the filtered probability space 
(ri', Q'^, {G't}, P's with the Brownian motion P. 

Proposition 3.2. Let (s,x) G Dt and let (y*'^,Z*'^) = {Y,Z) be a solution o/(3.1). 
Assume that (Al), (A2), (AZ) are satisfied, Z G M"? /or some q > a, there exist 
< h < T - s and A e g'^ such that P^^xW = I, P's^^iK^i^)) = 1 o^^d (3.1) is 
satisfied for every w G A. Then 

Yt-h oeh = Yt, t>h, P;^-a.s. 

and 

Z.-fi o 9h = Z, dt® Pg;^-a.s- on [h, ("t] x 
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Proof. Put K/^ = (C o Oh) A (T - t(0) o 6^). Then 

f(Xr o 6*/!, o Oh, Zr o dr 

+ d{A!ii o - dS,^ 0^, t> 0, P;^-a.s. 

Fix t > h. Since ( o 6'/, = (C - and r (0) o 0^ = r(0) + /i, we have k/j = (C - /i) A (T - 
t(0) — /i) on the set > h}. Consequently, h + K^ = (^r on the set > /i}- Therefore, 
since o = Xj.+;j and ^4^ is additive, we have 

/ f {y.r oOh^YrO Oh, Z,o Oh) dr= / f{Xr,Yr-hoeh,Zr-hoeh)dr 

Jt Jt+h 



and 



Jt+h 



Pg^-a.s. on {(^ > h}. Let t = to < < • • • < *n = Cr and let = + /i, z = 0, . . . , n. 
Since B is additive, {Ztf{Bti_^_i — BtJ) o 6h = Z^i,_y^ o 6h{Bf,^^ — B^/), from which it 
follows that 

rC-r Kt 
( / Zr dBr) o9h= Zr-h ° Oh dBr 

Jt Jt+h 



It+h 

P' -a.s. on {Q>h}. Thus, 



Yto9h = l{C>T-T(0)}<i^(XT-r(0)) + / fO^r, Yr-h O Oh, Zr-h ° Oh) dr 

Jt+h 



+ - O Oh dBr, 

Jt+h Jt+h 

and hence 

rC 



°0h = l{C>T-r(O)}<P(XT-r(0)) + y /(^r, Yr-h O Oh, Zr-h ° Oh) 



dr 



+ dA!^- Zr-h O Oh dBr 
Jt Jt 

Pg a.-a.s. on {C > h}. On the set {(" < h} we have o 9h = = Yt for t > h, because 
by the assumption, h <T — s. By what has been proved the pair {Yt-h o 6h, Zt-h o 9h) 
solves BSDE (3.1) on [^, Cr]; so the desired result follows from uniqueness of solutions 
of (3.1). □ 

In the sequel we say that a Borcl set N C Dt is properly exceptional if mi {N) = 
and Pj_^(3t > : G iV) = for every {s,x) G N". 

Lemma 3.3. Let A G Q'^. If Pg^^{A) = 1 for q.e. {s,x) G Dt then there exists a 
properly exceptional set N C Dt such that Pg^{Oj^^(A)) = 1 for every h > and 

{s,x)eN''. 
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Proof. By the assumption, P^^(A'^) = for q.e. {s,x) G Dt- It is known 
(see [8, Theorem 4.1.1]) that there exists a properly exceptional set N c Dt such 
that Pi^xiA") = for every {s,x) G N". Let {s,x) e N". Then by the Markov 
property, P^' .^.(^^^A'^) = E'^ .j,(Px;j (A^)). By the assumption and the definition of N, 
Eg ,j.P^^{A'^) = for every {s,x) G N"^, which completes the proof. □ 

In the case of Markov type equations the following hypotheses are analogues of 
(A1)-(A5) and (AZ). 

(HI) /(•, •, y, z) is measurable for every y eM., z eW^ and f{t,x, ■, •) is continuous for 
a.e. {t, x) G Dt, 

(H2) There is L > such that \ f{t,x,y,z) — f{t,x,y,z')\ < L\z — z'\ for every y G M, 
z,z' G M'^ and a.e. {t,x) G Dt, 

(H3) There is k G M such that {fit, x, y, z) — f{t, x, y', z)){y — y') < K\y — j/'p for every 
y,y' eR, z e M'^ and a.e. {t,x) G Dt, 

(H4) /(•,-, 0,0) G L\Dt), fi G Mo^Dt), ^ e L\D), 

(H5) \/r>o{t,x) ^ s\iv\y\<r\f{t,x,y,z)\ eqL^{DT). 

(HZ) There exists a G (0, 1),7 > and g G L^{Dt), q > such that 

\f{t,x,y,z) - f{t,x,y,0)\ < jigit,x) + \y\ + |z|)" 

for every y eR, z eW^ and a.e. (t, x) G Dt- 

Lemma 3.4. Assume that (H1)-(H5) are satisfied. Then for q.e. {s,x) G Dt the data 
(/3(Xr-r(o))l{C>T-T(0)}; Cr, /(X, •, •), satisfy (A1)-(A5) under the measure P^ .,. 

Proof. Follows from Lemma 2.2. □ 

Proposition 3.5. Assume (H1)-(H5) and (HZ). Then for q.e. {s,x) G Dt there exists 
a solution (Y^'^ , Z^'^) of (3.1) and there exists a pair of processes {Y,Z) such that for 
q.e. {s,x) G Dt, 

y/'=^ = Yt, t> 0, Ps^x-a-s., Z''"" = Z, dt® P's^^-a.e. on [0, Cr] x Q,' . (3.2) 
Moreover, for q.e. {s,x) G Dt and every t E [0,r — r(0)], 

Yt = u(Kt), P,Va.s., 

where 

uis,x) = £;;^(l{^>r-r(o)}<P(XT-r(o)) + _^^V(X.,«(X,),V'(X,))cZr + ^^^d^(f) 

and i/j : Dt — >■ M is a Borel measurable function such that 

'0(X) = Z, dt® P's,x-"'-e- on [0, Cr] x Vl' . 



14 



// / does not depend on z then there is C depending only on k, T such that 



|/(X^,n(X^))|dr < CE'^^^{1{q>t-t{o)]WO^t-t{o)\ 

+ J^^^ \fiXr,0)\dr + J^^^ d^r) (3.3) 



for q.e. (s, x) G Dt- 

Proof. By Lemma 2.2, E'g^^\Af^\,^^ < +00 for q.e. {s,x) G Dt- Moreover, for 

{s,x) G Dt, 

K,xMc>T-T{0)}\'fi{'^T-T{0))\ < K,x\^O^T-TiQ))\ 

< / p{s,x,T,y)\ip{y)\dy <c \ip{y)\dy. 
Jd Jd 

Therefore by [10, Proposition 3.10], for q.e. {s,x) € Dt there exists a solution 
{Y ' , Z ' ) of the equation 

F,^'" = l{C>T-r(0)}¥'(XT-r(0)) + ^ /(^-' 0' + 1^^ dAI^ - f^^ X'" dBr, t > 

Jt Jt Jt 

such that F"'"" is of class (D) and (F''"", Z*'"") G P« for q G (0, 1). Hence 
F^'" = (l{C>T-r(0)}'^(Xr-r(0)) + J^^^ f(^r, 0, 0) dr + J^^^ dA^lQi) , 

so from [8, Lemma A. 3. 5] it follows that there exists a process Y such that Y^'^ = Yt, 
t>0, Pg^^-&.s. for q.e. {s,x) G Dt- Since 

Zl'"" = (l{^^T-riO)M^T-r(0}) + fi^r, 0, 0) dr + d^.^l^^) - Fq, 

using once again [8, Lemma A.3.5] we conclude that there exists a process Z such that 
-^s,x dt®Pgy.-&.e. on [0,C^] X ^' for q.e. (s,x) G -Dt- Thus, for q.e. {s,x) G Dt, 

Ft = l{C>T-r(0)}<^(XT-r(0)) + /^^ /(X., 0, 0) dr + [^^ dA>^ - [^^ Zr dBr, t > 

Jt Jt Jt 

Pg^-a.s. From this, the method of construction of the solution of BSD'Eg^xi^, D,f+dij) 
(see the proof of [10, Proposition 3.10]) and repeated application of [8, Lemma A. 3. 3] 
we deduce existence of a pair {Y, Z) such that (3.2) is satisfied. Let A C fi' be a set of 
those a; G ri' for which Y is cadlag and 

Yt = l{C>T-r(0)}<^(XT-r{0)) + ^ /(^'•' + '^^r ' ^ dBr, t > 0. 

Jt Jt Jt 

Then A G Q'^ and of course Pg'^(A) = 1 for q.e. {s,x) G Dt- Therefore by Proposition 
3.2 and Lemma 3.3, for every t G [0, T — s], 

u{Xt) = E'^jo = K^AYo o et\g't) = K^,{Yt\g[) = Yt, p,Va.s. 
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for q.e. (s,x) G Dx- Put Ct = J^Z^dr, t > 0. Since ZI^q^q^-^ = Z, using the property 
of Z proved in Proposition 3.2 one can check that for every /i > 0, 

C(t+/i)A(T-T(0)) = C'tA(T-T(0)) + C'feA(T-T(0)) ° ^tA(T-r(0)) ■ 

Accordingly, C is a CAF of the process X kiUed at first exit from Dt- Therefore it 

follows from [27, Theorem 66.2] that there exists a Borel measurable function -0 on Dt 
such that Z = ipCK), dt (g) Pj 3,-a.s. on [0, Ct] x ^' for q.e. {s,x) G £>t- Finally, by the 
Ito-Tanaka formula, 

- /* Ysfir, Xr,Yr) dr <\Yt\- \Yo\ + T Z- dAI^: - f % dBr, < t < Cr- (3.4) 
Jo Jo Jo 

If K < Othenby (H3), -i;(/(r, X^, y^)) > |/(r, X,, - l/(r> 0)|. On substituting 
this into (3.4) and then taking expectation on both sides of the inequality we get (3.3) 
with C = 1. The general case can be reduced to the case «; < by the standard change 
of variables. □ 

In what follows we denote by T^, k > 0, the truncature operator, i.e. 

Tkiu) = max{-fc, min{y, k}}, y £ M. 

Lemma 3.6. Assume that ipn,ip cifs Borel measurable functions on Dt such tha,t 
V'n(X) — )• "ippC), dt ® Pg;^-a.e. on [0,Ct] x ^' for q.e. {s,x) G Dt. Then for some 
subsequence (still denoted by n), V'n ~^ V'; mi-a.e. on Dt- 

Proof. Let (s,x) G Dt be such that V'n(X) V(X)> dt ® P^^^-^.s. on [0,Ct] x 
Then 

fCr 



K,x [^Tk{\^n-m^r)dr^O 
Jo 



as n — oo. Since 

K^J^^ Tk(\il^n-m^r)dr= [ pDis,x,0,y)Tk{\i;n-mG,y)d0dy, 
Jo JDt 



there exists a subsequence (still denoted by n) such that pd{s, x, 9, y)Tk{\tpn ~ "01) ~^ 0; 
mi-a.e. on [s,T] x D, which by the positivity of p£){s,x, •, •) and the definition of 
implies that V'n — ^ V'j m-i-a.e. on [s, T] x D. Since (s, x) can be chosen so that s is 
arbitrary close to zero, one can choose a further subsequence (still denoted by n) such 
that ipn — >■ "0) wzi-a.e. on Dt- □ 

We say that a measurable function u : Dt — ?• M is of class (FD) if for q.e. (s, x) G .Dt 
the process [s,T] 3 t u{t,Xt) is of Doob's class (D) under the measure Pg.x- 

We say that a measurable function u : Dt — > M is quasi-cadlag if for q.e. {s, x) G Dt 
the process [s,T] 3 1 1-)- u(t,Xt) is cadlag under Ps,^- 

J^P is the set of all quasi-cadlag functions u : Dt — > M. J^<S^ (resp. FV^), g > 0, 
is the set of all quasi-continuous (resp. quasi-cadlag) functions u : Dt M such that 
for q.e. (s, x) G Dt, 

Es,x sup \u{t, Xt)\'^ < +00. 
s<t<T 
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FM"^, q > 0, is the set of all measurable functions u : Dt — >■ M such that for q.e. 

(s,x) G Dt, 

Es,.{[ \f{t,Xt)\Uty/^ < +00. 

J s 

7^'^ is the set of all measurable functions u on Dt such that for every k > 0, 

Tk{u) G L'^{0,T;H^{Dt)). From [3] it follows that for every u £ 7^'"^ there exists a 
unique measurable function v on Dt such that Vrfe(tt) = l{|„|<fe}'y, mi-a.e. We shall 
set Vu = V. 

Proposition 3.7. Assume that /x G A^(J'^(L'r), £ > 0. Then v : Dt 

defined as 

v{s,x) = E'^^^(l{^^T-r(0)M'^T-r{0)) + , (s,x)GL'r (3.5) 

is o/ class (FD) and fte/on^s to TV^ , q € (0, 1). Moreover, v G 7^'\ u G Li{0,T; Wg'") 
/or g G [1, Vf G FiW /or g G (0, 1) and for every k>0, 

Kxfj \aVTk{v)Wr,Xr)dr < AkE', (l ^^^t -rmM'^T -rio)) + J^^^ d^^.') (3.6) 

for q.e. (s, x) G Dt- Finally, for q.e. (s, a;) G Dt the pair {vpC), o-Vv(X)) is a solution 
ofBSBEs,^{ip,D,dii). 

Proof. By Proposition 3.5 there exists a pair of processes (Y, Z) such that Y is of 
class (D), (y, Z) eVi^Mi for g G (0, 1) and for q.e. {s, x) G -Dt the pair {Y, Z) is a 
solution of BSDE5^a;((/7, Z), d/x), i.e. 

= l{C>T-r{0)}¥'(XT-r(0) ) + /^^ dAI^: - /^^ dB„ t G [0, Cr] ■ 

it Jt 

By Proposition 3.5 again, for n G N there is a pair of processes (y", Z") such that 
is of class (D), (F",Z") G P« ® M'' for q G (0,1) and (y",Z") is a solution of the 
following BSDEs,^ 

Yr = l{C>T-r(0)}¥'(XT-r(0)) + ^ "(y," - YrT dr - [^^ dBr, t G [0, Cr] (3.7) 

Jt Jt 

for q.e. {s,x) G .Dt. By [10, Theorem 5.7], for q.e. {s,x) G Dt, 

Y^/^Yt, t > 0, P;,-a.s., (3.8) 

Z, (8) Pi,^-a.e. on [0, Cr] x O'. (3.9) 

Let A'l = J^niY;" - Yr)' dr. By Proposition 3.5, Yf = v(Xt), ^'i.x-a-S- for t G 
[0, T — t(0)] and Z = tpO^): dt (g) ,j,-a.e. on [0, C] x W for some measurable function 
^ on Dt- Therefore 

A^ = f n(y," - ^(X,))- dr, t G [0, Cr], P.Va.s. 
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Prom this and (3.7), once again by Proposition 3.5, 

= Vn{Xt), P;,-a.s. for t e [0, Cr] (3.10) 

and 

= Vn(X), dt ® Pi,^-a.e. on [0, (r] x (3.11) 

where 

Vn{s,x) = E'^ ,^(1[^>T-t{0)}<PO^T-t{0))+ (^„(Xr)dr), (l)n = n{vn - v)~ 

and ipn is a measurable function on Dx- Now fix n G N and put {Y,Z) = (V^jZ^), 
4> = (pn- Then for q.e. (s,x) G the pair (Y^Z) is a solution oi'BS'D^s,x{^jD,^). 
Let = (p A m, 0„ = (j) A m. By Proposition 3.5, for q.e. (s, x) G Dt there 
exists a solution {Y ,Z ) of BSDE<i^2:(iy9m, D, '/'m) such that Y is of class (D) and 
(F"',Z™) eVi(g)Mi for g G (0, 1) (it is known that in fact is continuous). By [10, 
Theorem 5.7], 

YT/'Yt, t>0,P;,-a.s., (3.12) 
Z"" -^Z, dt® P's^^-a.e. on [0, Cr] x Q'. (3.13) 

The proof that v has the desired regularity properties we divide into 3 steps. 
Step 1. We assume that /x = 5 ■ mi for some g G L'^(Dt) and ip G L'^{D). Let 
G Vy(DT) be a weak solution of the problem 

Let It) : St = [0, T] X M'' — ^ M be an extension of w on St such that 
w(t, x) = 

Then G >V(5t) and hence ^ + vlfii) G L^{0,T; H-^{R'^)). Let 50, G G ^^(S'r) be 
such that ^ + Ltw = —go — div(G). By [11, Theorem 4.3], has a quasi-continuous 
mi version (still denoted by w) such that w G J^5^, Vt/) G and for q.e. {s,x) G St, 

ii}(i, Xt) = w{s, x) - go{r, Xr) dr 

J s 

-f G{r,Xr)d*Xr+ f aVw{r,Xr)dBs,r, s<t<T, Ps,x-s^.s.. 

J s J s 

Hence, by Lemma 2.1, 

Kr 

w(Xt) = l{^>r-r(o)}«^(Xr-r(o)) + / 5(Xr)dr 

- aVw{Xr)dBr, tG[0,Cr], ^Va.s. 



w{t, x), (t, x) G Dt, 

w{t, x) = 0, {t, x) e St\ Dt. 
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Observe also that E'g^J{w - (p){X.T-r{o))\ = J^PDis,x,T,y)\w - ip\{T,y) dy = 0. Thus, 

= £^s,x(l{C>r-r(o)}</^(XT-T(o)) + ^ 5r(X^)cir). (3.14) 

Therefore v = w satisfies all assertions of the proposition except from (3.6). To prove 
(3.6) let us fix A; > and 2; G M. By the Ito-Tanaka formula, 

\w{s,x) - z\ + E'^ .^Ll^{w{X}) = E^ ,,|l{^>r-r(o)}<^(Xr-r(o)) - z\ 

Kr 

+ K,x / sgn{w{Xr) - z)g{'Xr) dr, 
Jo 

where {Lf{w{X.)),t > 0} denote the local time of w{X.) at z and sgn(a;) = I^^q-^ . 
Hence 

-^s,a;^Cr(*(^)) ^ -^s,x|l{C>T-r(0)}¥'(XT-r(0)) " 'w{s,x)\ + E',^^ / ^(Xr) dr. 

Jo 

Multiplying the above inequality by the function i{z) = l[_k^k]{^)j integrating with 
respect to z and applying the occupation time formula we get 

K,x ^^VvTfe(w})|2(X,) dr < 2kE',^^ (l{c>r-r(o)}<^(XT-r(o))+*(s, x)+^%(X,) dr) , 
which when combined with (3.14) yields (3.6). 

Step 2. We are going to show that u„ satisfies all the assertions of the proposition. To 
shorten notation, we write v (resp. ■0) instead of Vn (resp. il)n)- Since G L^{D), and 
(j)^ G L'^{Dt), it follows from Step 1 that there exists Vrn S TS^ such that Vju £ W{Dt) 
and for q.e. {s,x) € Dt, 

Vm0^t) = YT, tG[0,Cr], nVa.s., 

aVvmC^) dt® Pi,^-a.s. on [0, Cr] x . 

Put v'{s,x) = limsup„j^o2 1'm,('S, x), (s,a;) G Dt- Then by (3.12), ^'(Xt) = Yt, t G 
[0,Ct], P's.x-^-s- for q.c. (.s,.x) G Dt- This implies that e J'P'?, g G (0,1), v' is of 
class (FD) and U' = v q.c. The last statement implies that v belongs to the same spaces 
of functions as v'. We have proved that (3.6) is true if /j, = g ■ mi for some g G L'^{Dt) 
and (fi G L?'{D). Therefore for q.e. {s,x) G Dt, 



E',., r \aVTk{vm)\{y^r)dr 
Jo 

< ^kE'^,x (l{C>T-r(0)}',o(XT-T(0)) + (t^m{^r) dr) 

< AkE'^^^(l^^^T-rm^{^T-r(0)) + j^^ ^O^r) dr) . (3.15) 

Prom this and Lemma 2.5, 

/ \aV{Tk{vm))\^ dmi < 4fc(||(^||ii + UJ\li) < 4fe(|b||ii + Uhi). (3.16) 

JDt 
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Due to [20], from (3.16) it follows that v £ 7^'^ n L«(0, T; Wo'^(L>)) and for some 
subsequence (still denoted by n), aVvm — ^ (tVv weakly in L'^{Dt) for g G [1, ^^)- On 
the other hand, by (3.13) and Lemma 3.6, aVvm ^ mi-a.e. on Dt- Hence ip = aVv, 
mi-a.e. on Dt- Summarizing, v satisfies all the assertions of the proposition. 
Step 3. Using (3.8)-(3.11) one can show in the same manner as in Step 2 that v satisfies 
all the assertions of the proposition. The only difference from Step 2 is that in estimates 
of aVT^^Vn) of the form (3.15), (3.16) the function 0^ is replaced by so to obtain 
the estimates for aVTk{vn) which do not depend on n we have to show that 

M'^r) dr < dAif (3.17) 

Jo Jo 

for q.c. {s,x) G Dt and that ||(/>n||ry < H/^Htf- But (3.17) follows from the fact that 
Vnis,x) < v{s,x) for q.e. {s,x) G Dt and the estimate for ||(^n||Ty follows from (3.17) 
and Lemma 2.5. □ 

4 Cauchy-Dirichlet problem 

It is convenient to begin the study of the obstacle problem (1.1) with the study of the 
Cauchy-Dirichlet problem 

\u{T,-) = ip, u{t,-)idD = 0, iG(0,r), 

which can be regarded as problem (1.1) with hi = — oo, /t2 = +oo. 

Let us recall that every functional $ G W'{Dt) admits decomposition of the form 

$ = {g)t + div(G) + /, (4.2) 

where g G L'^{(},T; H^{D)), GJe L'^{Dt), i.e. for every r] G W{Dt), 

m = -{9, ^) - (G, Vry)i2 + (/,r?)i2 , 

where (-,•) denotes the duality between L'^{<d,T;Hl{D)) and L2(0, T; i?-^ (£»)). It is 
also known that every measure ji G A4o,6(-Dr) admits decomposition of the form 

= $ + (4.3) 

where $ G W{Dt), f G L^{Dt), i.e. for every r] G C^{Dt), 

/ ri d/j, = ^(rj) + frjdmi. 

J Dt J Dt 

Accordingly, /x G A1o,6(-Dt) can be written in the form 

/x = -(5)t + div(G) + / (4.4) 

for some g G L'^{Q,T;HI{D)), G G L'^{Dt) and / G L^{Dt). Let us stress that 
in general, $, / of the decomposition (4.3) cannot be taken nonnegative even if is 
nonnegative. 

We say that a triple {g, G, /) is the decomposition of /it G Mo,b{DT) if (4.4) is 
satisfied. 

Let fj, G Mo,b{DT), ^ G L}{D) and let / : Dt x M — ^ M be a Caratheodory function. 
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Definition. We say that a measurable function u : Dt — >• M is a renormalized solution 
of the problem (4.1) if 

(a) /„ € L\Dt), 

(b) For some decomposition ig,G,f) oi n, u - g e L°°{0,T- L'^{D)), Tk{u - g) e 
L'^{0,T;H^{D)) for > and 



lim / |Vu| dull = 0, 

-^+°° J ik<\u-n\<k+l] 



fc-i.+oo J {k<\u-g\<k+l} 

(c) For any S G VF^'°°(R) with compact support, 

— {S{u ~ g)) + dYv{aVuS' {u — g)) — S" {u — g)aS/u ■ V(tt — g) 
= -S'{u - g)f - diy{GS'{u - g)) + GS"{u - g) ■ V{u - g) 
in the sense of distributions, 

(d) Tk{u - g){T) = Tk{ip) in L'^{D) for all > 0. 

Note that different but equivalent definition of a renormalized solution of (4.1) is 
given in [21]. 
Set 

Qk{s) = f Tk{y)dy, 
Jo 

and 



s e 



E = {ne L\0,T;Hl{D))nL°°{DT) : ^ G L\0,T; H-\D)) + L\Dt)}. 

Definition. Wc say that a measurable function u : Dt — t- M is an entropy solution of 
(4.1) if/„ G L'^{Dt), for some decomposition {g,G,f ) offi,Tk{u-g) G L'^{0,T; H^{D)) 
for /c > 0, [0, r] 9 i !->■ @k{u — g — ri){t, •) dm is continuous for any rj & E, k > 0, and 

/ &k{u-9-v){0,-)dm- Qki<p-viT,-))dm- {rit,Tkiu- g -rj)) 

JD Jd 

+ / aVu-VTk{u- g - r])dmi < / fTk{u-g-i])dmi 
J Dt JDt 

-/ G ■ VTk{u - g - rj) dmi + fuT^iu - g - rj) dnii. (4.5) 

JDt JDt 



Remark 4.1. (i) From the general results proved in [6] it follows that u is a renormal- 
ized solution of (4.1) iff it is an entropy solution of (4.1). 

(ii) If u is a renormalized solution of (4.1) then it is a distributional solution of (4.1) 
in the sense that u,Vu G L^{Dt) and for any -q G C^((0,T] x D), 

f u^dmi+ [ aVu-Vijdmi = f ipr]{T,-)dm+ ( fuVdmi+ f rjdji (4.6) 
JDt '^^ JDt JD JDt JDt 

(see Proposition 4.5 and Theorem 4.11 in [21]). 



21 



Lemma 4.2. Assume that i-in,fJ' G -MofiiDT) and — mIItv — > 0. Then there exist 
gn,9 G L\0,T;H^{D)), Gn,G e L^{Dt), /„,/ G L^{Dt) such that 

l^n = {9n)t + div(Gn) + /„, /X = {g)t + div(G) + / 

and 

Gn^G inL^Dr), fn^finL^Dr), Qn ^ g in L\0,T; H^{D)). 

Proof. Prom the proof of [7, Theorem 2.7] it follows that each /x G A^o,6(-Ct) admits 
decomposition of the form (4.3) with $, / such that ||'&l|vv"(r>T) — ll/lli/i — IImIItv- 
Moreover, by [7, Lemma 2.24], $ admits decomposition (4.2) with g,G,h such that 

lbllL2(0,T;i?i(O)) + ll'^lli^ + WHl^ < \\Hw'{Dt)- 

Therefore repeating arguments from the proof of [15, Corollary 3.2] we get the desired 
result. □ 

Lemma 4.3. Let {//„} C Mo,biDT), n G MofiiDr), Wn} C L^iD), (p G L^{D) and 

let Un (resp. u) be a renormalized solution of (4.1) with terminal condition ipn (resp. 
if), / = and with —fin (resp. —fi) on the right-hand side. If — ii\\tv and 
\\ipn — V^IIli ~^ then Un — u, mi-a.e. 

Proof. It is enough to use Lemma 4.2, observe that Un satisfies all the properties 
of Proposition 4 in [20] , apply equivalence between renormalized and entropy solutions 
for parabolic equations proved in [6] and uniqueness of them (see [20]). □ 

Proposition 4.4. Let (p G L^{D), fi G Mo^bi^r) and let v be defined by (3.5). Then 
V G 7^'^ V G L«(0,T;Wo'^(L»)) for q E [1, ) 

V is a renormalized solution of the 

problem 

lt.(r, = »(t, Oiao = 0, te(o,r). 



Proof. Without loss of generality we may assume that (p > and fi > 0. Assume 
for a moment that ip G L'^{Dt) and /x G A^^j^^n W'(-Dt)- Prom the proof of Proposition 
3.7 it follows that v is the q.e. limit of Vn, where Vn is a weak solution of 

f ^+AtVn = -n{Vn-v)-, 

\vn{T,-) = ^, Vn{tr)\aD=^, t & {0,T). 

But it is known (see [18, 23]) that {vn} converges in L^{Dt) to a unique weak solution 
of (4.7). Therefore is a weak solution of (4.7). Since a weak solution of (4.7) is a 
renormalized solution, this proves the proposition under the additional assumptions 
on (p,fi. Assume now that (p G L^{D) is nonegative and // G A4^^(-Dt)- By [19] 
there exists a generalized nest, i.e. an ascending sequence {Fn} of compact subsets of 
Dt such that cap(i^ \ Fn) — >■ for every compact K C Dt, with the property that 
1f„ -/U G A4q (,(Dt) n>V'(DT) and fx{DT\\Jn Fn). Let (pn = (pAn. By what has already 
been proved, Vn defined as 

Vnis,x) = £^s,a:(l{C>T-r(0)}<yfn(Xr-r(0)) + lF„(X^)dA^), (s,x) G Dt (4.8) 
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is a renormalized solution of (4.7) with ip,fi replaced by ipn and respectively. Since 
WVn — — ^ and {Fn} is a generalized nest we conclude from (4.8) that Vnis, x) — )■ 
v{s,x) for q.e. (s,x) G Dt- This completes the proof because by Lemma 4.3, {vn} 
converges to the renormalized solution of (4.7). □ 

Theorem 4.5. Assume (H1)-(H5). Then there exists a unique renormalized solution 
u of (4.1). Moreover, u G TV, u G L«(0,r; Wo'*(-D)) for q G [1, ) and 

u{s, x) = (l{^>T-^(o)}<^(Xr_^(o)) + /„(X,) + j^^^ dA>^) (4.9) 

/or g.e. (s,x) G -Dt- Finally, there exists C > depending only on k,T such that 

Wfuh^iDr) < CiMmu) + ll/(-, -,0)11^1(0,) + Mtv). (4.10) 

Proof. By Lemma 3.4 and [10, Proposition 3.10], for q.e. (s,x) G Dt there is a 
unique solution (F"'^, Z^'^) of BSDE^,^(99, D, Z+dAt). By Proposition 3.5, Y''"" = ti(Xt), 
Pg^j-a.s. for every t G [0,T — t(0)] and q.e. (s,x) G where : Dt M satisfies 
(4.9). Furthermore, by Lemma 2.5 and (3.3), /„ satisfies (4.10). Hence • mi + G 
A^o,6(^t) and from Proposition 4.4 it follows that n is a renormalized solution of (4.1) 
and has the other regularity properties. The uniqueness part of the theorem follows 
from the uniqueness of solutions of BSDE5^a;((/?, D,f + dji). □ 

Remark 4.6. Under the assumptions of Theorem 4.5 for every q G [1, |^) there exist 
C, 7 > such that 

ll^llL9(o,r;W^,;-«(D)) ^ C{M\l^{d) + ll/(-,-,0)||iip^) + ll/xllw)^, 

because from Remark 4.1(ii) and results proved in [4, Section 3] (sec also [5]) it follows 
that if n is a solution of (4.1) then ||^||^g(o t-h/^'''(d)) — ^Wf^ ' "^i + A*llry some 
c,7 > 0. 



5 Obstacle problem 

We begin with a probabilistic definition of a solution of the obstacle problem. 

Definition. Assume (HI), (H4) and let ^1,^2 be measurable functions on Dt such 

that hi < /i2, mi-a.e. We say that a pair (u, z^) consisting of a measurable function 
u : Dt — ^ M and a measure v on Dt is a solution of the obstacle problem with terminal 
condition (p, the right-hand side f + dfi and obstacles hi,h2 {OP{ip, f + d/j,, hi,h2) for 
short) if 

(a) fu G L^{Dt), y G 7Wo,6(Dt), h <u< /i2, mi-a.e., 

(b) For q.e. {s,x) G Dt, 

u{s, x) = (l^^>T-r(0)}¥'(Xr-r(0)) + J^^^ fuC^r) dr + J^^ diAi^ + A';)) , 
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(c) For every /i^, /i2 £ J^T^ such that hi < h\ < u < h2 < h2-, mi-a.e. we have 

(n_(X^) - h\_{Xr)) dAf = [^\h*2_(Xr) - u-{Xr)) dAf = 0, Pi^-a.s. 

Jo 

for q.e. (s,x) € I^t, where g^(X.r) = limt<:r,t^r g(Xt) for g = n,/i^,/i2. 

Wc say that (n, z^) is a sohition of the obstacle problem with one lower (resp. upper) 
barrier h {0_P{ip, f + dfi, h) (resp. OP{ip, f + d/j,, h)) for short) if {u,^) satisfies the 
conditions of the above definition with hi = h, h2 = +00 (resp. hi = —00, h2 = h) and 
u e M+,{Dt) (resp. -u G M+,{Dt)). 

Remark 5.1. Let us note that in view of Proposition 4.4, condition (b) in the above 
definition says that u is a renormalized solution of (4.1) with n replaced by + v. 
Condition (c) provides a probabilistic formulation of minimality of f. In [22] minimality 
of V was expressed by using the notion of precise versions of functions introduced in [23] . 
In fact, in the linear case with data, condition (c) coincides with that introduced 
in [22], because for every parabolic potential h, h{Xt) = h-iXt), t G [0, i^,-], where h is 
the precise version of h (see [9] for detailes). 

As in the case of the Cauchy-Dirichlet problem considered in the previous section, 
the proof of the existence of a solution of the obstacle problem relies heavily on the 
results on BSDEs proved in [10]. 

Suppose we are given a filtered probability space and A, B, a, ^ as in Subsection 
3.1, and moreover, we are given two progressively measurable processes U,L such that 
U < L and / : J7 x M+ x M ^ M such that /(•, y) is progressively measurable (/ does 
not depend on z). 

Definition. A triple {Y,Z,R) of progressively measurable processes is a solution of 

the reflected backward stochastic differential equation with terminal condition ^, right- 
hand side f + dA and two reflecting barriers L, U (RBSDE(^, a, f + dA, L, U) for short) 
if 

(a) Z G M, t ^ f{t, Yu Zt) G ^1(0, a), P-a.s., 

(b) Lt<Yt< Ut for a.e. t G [0,0"], P-a.s., 

(c) Yt = ^ + f{s, Ys, Zs) ds + dAs - dRs - j; Z, dBs, < t < a, P-a.s., 

(d) P G V for any L,U £ V such that U <Lt <Yt<Ut< Ut for a.e. t G [0,cr], 

j^{Yt- - it-) dRt = £{Ut- - Yt) dRj = 0, P-a.s. 

We say that (y, Z, R) is a solution of RBSDE with one lower (resp. upper) barrier 
L (resp. [/), terminal condition ^, the right-hand side / -|- dA (RBSDE(^, cr, f + dA, L) 
(resp. RBSDE(^, a,f + dA, U)) for short) if {Y, Z, R) satisfies the conditions of the 
above definition with U = -|-oo (resp. L = —00) and P G V"*" (resp. — P G V"*"). 

To shorten notation, in what follows for given lJ-,ip,f and hi,h2 we denote by 
RBSDEs^a;((/?, D, / + dfj,,hi,h2) the refiected BSDE with data l{^>7-_^(o)}¥'(^r-T(o))) 
Cr, /(X, •, •) + dAt", hi{X), /i2(X) considered on the space {n', Q'^, {Q[}, P[^^). 

Let A^^, g > 0, denote the space of contimuous martingales such that P([M]t)^^^ < 
-|-cxD for every T > 0. 

We will need the following general growth conditions for /. 
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(A6) There exists a semimartingale T such that T is of class (D), F G Ai'^ © for 
q G (0,1), Lt < Tt for a.e. t G [0,cj] and E f-{t,Tt)dt < +00, 

(A6') There exists a semimartingale F such that F is of class (D), F G A4'^ © V"^ for 
g G (0, 1), < Ft < [/i for a.e. t G [0, ct] and E \f{t, Ft)| < +00. 

It is known that under (Al) (A6) (resp. (Al)-(A5), (A6')) there exists a unique 
solution of BSDE(^, aj + dV, L) (resp. RBSDE a, / + d^l, L, [/)) (see Theorems 5.7, 
6.6 in [10]). By Lemma 3.4, assumptions (H1)-(H5) imply that (A1)-(A5) hold under 
the measure P^^ for q.e. (s, x) G Dt- 

Analytic analogues of conditions (A6), (A6') are as follows. 

(H6) There exists a measurable function v : Dt ^ M, a measure A G M.q^^[Dt) and 
(j) G L^{D), ^> ip, such that v is a renormalized solution of the problem 

\ v{T,-) = (t>, t;(t, OiaD = 0, iG(0,r) ^ - > 

and /~ G L^{Dt), v > hi, mi-a.e. on Dt, 

(H6') There exists a measurable function v : Dt — >• M, a measure A G MofiiDr) 
and (f) G L^{D), (j) > (f, such that is a renormalized solution of (5.1) and 
/„ G L^{Dt), hi < V < h2, mi-a.e. on Dt- 

Lemma 5.2. Let L = hi{X),U = /i2(X). If v satisfies (H6) (resp. {m')) then 
F = f(X) satisfies (AG) (resp. (AG') j under the measure P'^ ^ for q.e. {s,x) G Dt. 

Proof. Follows immediately from Propositions 3.7 and 4.4. □ 

We first prove the comparison and uniqueness results for solutions of the obstacle 
problem. 

Proposition 5.3. Let {ui,Ui) he a solution of OP{(pi, fi + dfj,i, h[, h2), i = 1,2. If 
< ^2, m-a.e., dfii < dfi2, h\ < h\, h\ < h'^, mi-a.e. and either 

satisfies (H3) and l{„i>„2}(/^j - /4) < 0, mi-a.e. 

or 

f^ satisfies (H3) and l{„i>u2}(/4 - /^J < 0^ mi -a.e. 
then ui < U2 q.e. 

Proof. The desired result follows from [10, Corollary 6.2], because by the definition 

of a solution of the obstacle problem and Proposition 3.7, for q.e. (s, x) G Dt the triple 
(ui(X), (7Vuj(X), A"^) is a solution of RBSBEs,x{<fi, D, f^ + diii,h\,h\). □ 

Corollary 5.4. Let assumption (H3) hold. Then there exists at most one solution of 

OP{ip,f + dfi,hi,h2). 
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Proof. Follows immediately from Proposition 5.3. □ 

Before proving our main result on existence and approximation by the penalization 
method of solutions of the obstacle problem with one barrier let us recall that a function 
V on Dt is a supersolution of PDE((p, / + dfi) if there exists a measure A G A^^^(I>t) 
such that is a renormalized solution of the problem 

r ^+Atv = -f,-fi-\, 

\ v{T,-) = ^, v{t,-)\QD = 0, tG(0,T). 

Theorem 5.5. Assume (H1)-(H6) . 

(i) There exists a solution {u,v) of OF{(p, f + dfi,hi) such that u is of class (FD), 
u G FV1 forq G (0,1), Vu G FMi forq G (0,1), u G 7^'^ u G L«(0, T; Wo'^(L>)) 
VgG[l,^). 

(ii) For n & N let Un be a renormalized solution of the problem 

f ^ + AtUn = -fur,-n{un-hi)- -fi, 
\un{T,-) = ip, Un{t,-)\dD=0, tG(0,r). 

Then Un /■ u q.e. on Dt, Un ^ u in Li{0, T; Wq'^{D)), q G [1, ^) and Vn ^ 
weakly, where dvn = ^'{un — hi)~dmi. 

Proof, (i) By Lemmas 3.4, 5.2 and [10, Theorem 5.7], for q.e. {s,x) G Dt there 
exists a unique solution (y*'^, .Z*-^, i?*'^) of RBSDEs,a;((^, D,f + d/i, hi) such that y*'^ 
is of class (D), (F^'^, Z^-^) eVi^Mi for q G (0, 1) and G V+'^. By [10, Theorem 
5.7], for q.e. {s,x) G Dt, 

yn,s,.^Yr, iG[0,C.],nVa.s., (5.3) 
2;n,s,x _^ zs,x^ ^ P's,^-a.e. On [0, Cr] X , (5.4) 
where (Y"''^'^, Z"'*'^) is a solution of the equation 

fCr 



dr 



rr'"' =l{C>T-r(0)}¥'(XT-r(0)) + ^ ' (/(r, X„ Y,"'^'-) + n{Yr^^ - /ii(X,))-) 

+ - Zl^^^'-dBr, t G [0,Cr], nVa.s. 

Jt Jt 

By Proposition 3.7, Wn(Xt) = y"'**'"^, i G [0,Cr], = o-V?x„(X), ® ^^i.^-a-e. on 

[0, Cr] X W for q.e. (s,a;) G Dt- For (s, x) G Dr set u{s,x) = limsup„_^+^ ^^(s, x). 
Then by (5.3), for q.e. {s,x) G Dt, 

n(Xt) = y/'", iG[0,Cr],nVa.s. (5.5) 

Moreover, by (5.4) and Lemma 3.6, there exists a Borel measurable function on Dt 
such that for q.e. (s,x) G Dt, 

^(K) = Z''"", dt ® ^-a.e. on [0, Cr] x Q,'. (5.6) 
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Set 



At = u{Xo) - u{Xt) - f fu{Xr) dr - f dA>^ + /* ^(X,) dB^, t G [0, Cr]- 

Jo Jo Jo 

By (5.5) and (5.6), 

At = Rt''', tG [0,Cr], P.Va.s. (5.7) 

for q.e. {s,x) G Z?t- It is an elementary check that A is an AF of X'. In fact, by (5.7), 
it is a positive functional. Therefore there exists a positive smooth measure v on Dt 
such that A = A'^. Prom this and (5.5) it follows that 

u{s, x) = (l{c>r-r(o)}</'(XT-r(o)) + fuO^r) dr + ci(A^ + A^)) (5.8) 

for q.e. {s,x) G Dt- Let v denote the function from condition (H6). By Lemma 
5.2, v{X) satisfies (A6) (with L = hi{X)) under P^^^ for q.e. {s,x) G Dt- Therefore 
arguing as at the beginning of the proof of [10, Theorem 5.7]) and using Theorem 
4.5 one can show that there exists a supersolution v of PDE((/9 \/ (p, f + dn) such that 
Un ^ V q.e. on Dt for n G N. From this, the fact that ui < u q.e. on Dt and (H3) 
it follows that fv — nv < fu — nu < fm — ui, mi-a.e. Hence /„ G L^{Dt), because 
ui,v, fu-^, fv G L^{Dt)- Since u<v q.e. on Dt, it follows from (5.8) that 

f^^dA'^ < 2E;j^(Xr_,(o))i + £;;,i<^(Xr_,(o))i 

Jo 

+ / ' |/„(X,)| + |/,(X,)| dr + 2^;;, / ' d{\A^\r + \A\) 
Jo Jo 

for q.e. {s,x) G Dt- Hence, by Lemma 2.5, u G Mqi^{Dt)- From (5.8) and Proposition 
4.4 it follows now that u is a renormalized solution of the problem (4.1) with jj. replaced 
hy fi + u, u £ 7^'^ and u G L'?(0, T; VFg '"^(D)) for q G [1, ^). Actually, from the 
definition of a solution of reflected BSDE and (5.5), (5.7) it follows that the pair (u, v) 
is a solution of OP{ip,f + dji^hi). Moreover, from (5.5) and the fact that for q.e. 
(s, x) G Dt the process y*'^ is of class (D) and Y^'^ G for q G (0, 1) we conclude 
that u is of class (FD) and u G J-V-' for q G (0, 1). Furthermore, since (u(X), 7/>(X)) is 
a solution of BSDEs^a;((^, D, /„ + d{^ + u)) it follows from Proposition 3.7 that for q.e. 
(s,x) G Dt, 

(jVu{X) = ■i/>(X), dt ® PsVa.e. on [0, Cr] x Q'- (5.9) 

Hence Vn G FM« for q G (0, 1), because Z^'^ G M«, g G (0, 1), for q.e. {s,x) G Dt- 

(ii) From (5.3) and (5.5) it follows that Un u q.e. on Dt, whereas from (5.4), (5.6), 
(5.9) and Lemma 3.6 it follows that Vn„ — >■ Vu in measure mi- Since Un < u q.e. on 
Dt, we have 

e;, dA';- < c{k, t) {E'^j^{XT.rio))\ 

+ Ei^, j^^ \U{Xr)\ dr + E',^., j^^^ di^r + \A\)) . 
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Hence sup„>i HfnllTV < +00 by Lemma 2.5, and consequently, by Remark 4.6 and 
Vitali's theorem, ?x„ — )• u in Li{0,T;Wo''^{D)) for every q G [1, ^). Suppose that for 
some subsequence, still denoted by n, {f„} converges weakly on Dt to some measure 
v'. By Remark 4.1, Un is a distributional solution of (5.2) and u is a solution of (4.1) 
with /X replaced by 11 + v, i.e for any 77 G Co°((0,r] x I?), 

/ (^*n^ + aVun • Vr/) dmi = / (pr]{T, ■) dm + [ fu^rjdmi + [ r]d{n + Vn) 
Jdt Jd JDt JDt 

and (4.6) is satisfied with replaced hy ii + v. Since /^^ — > /„, mi-a.e. and by (H3), 
/t, + k{ui — v) < /„^j < + k{u — ui), applying the Lcbcsguc dominated convergence 
theorem we conclude that fu„ fu in L^{Dt)- Since we also know that Un ^ u and 
Vn„ Vu in L^{Dt), it follows that Jj^^-qdu = J^_^r)du', and hence that u = v' . 
Thus, V weakly on Dt-, and the proof is complete. □ 

Corollary 5.6. ^sswme (HI )-(H4). Let{u,iJ,) beasolutionofOP{ip,f+diJ,,hi). Then 

u = quasi-essinflv > hi, mi-a.e. : v is a supersolution of PDE((^, / + dfi)} 
q.e. on Dt- 

Proof. Follows from Theorem 5.5, Proposition 3.7, Theorem 4.5 and [10, Lemma 
4.9]. □ 

Corollary 5.7. Let {u, u) he a solution of 0P((/9, / + d/x, hi) and let h* € FV he such 
that h < h* < u, mi-a.e. Then for q.e. (s,x) G Dt, 

u{s, x) =svjpE'^J / /„(X^) dr + / dAi^ 

a&T' ' ^Jo Jo 

+ h*(^a)'i-{a<Cr}^{a<T-T(0)} + V^O^T-T{0))^{a=T-T{0)}^ : 

where T' denotes the set of all {Q'^} -stopping times. 

Proof. Follows from Theorem 5.5 and [10, Lemma 4.9]. □ 

We now turn to the obstacle problem with two barriers. 
Theorem 5.8. Assume (H1)-(H5), (H6'). 

(i) There exists a solution {u,v) of 0P((/3,/ + d/x, /ii, /i2) such that u is of class 
(FD), u G for q G (0, 1), u G 7^'\ Li{(},T,W^'\D)) for q G [1, ) and 
Vu G FM1 forqe (0,1). 

(ii) If hi,h2 are quasi- continuous and hi{T,-) < (p < h2{T,-), m-a.e. then u is 
quasi- continuous. 

(iii) Let Un be a renormalized solution of the problem 

f ^ + AtUn = -fu„ - - n{un - hi)~ + n{un - h2y, 

[un{T,-)=^, Un{t,-)\dD=0, tG(0,T). 

Then Un ^ u q.e. on Dt and Un ^ u in L<?(0, T; Wo''^{D)), q G [1, ^). 
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(iv) Let {Uj^,P^) be a solution of OP{ip, + dfj,,hi) with 

X, y) = f{t, X, y) - n{y - h2{t, 

Then u^\u q.e. on Dt, u^^uin Li{0,T; q G [1, ^„ > 

f3^ \ setwise, 7^ — >■ iy~ weakly on Dt, where 7^ = n(n„ — /i2)^ • rni. 

Proof. By Lemma 3.4, Lemma 5.2 and [10, Theorem 6.6], for q.e. (s,x) £ Dt there 
exists a solution (y*'^, Z^-^, i?^-^) of RBSDEs,a;(¥', £>, / + d//,/ii,/i2) such that y^'^ is 
of class (D), (y-^.Z*-^) €Vi(S)Mi for g G (0,1) and i?*'^ G Moreover, by [10, 



Theorem 6.6] again, for q.e. {s,x) G Dt, 

Yr'^\Yr, tG[0,Cr],nVa.s., (5.10) 

^n,s,x _^ 2s,x^ ^ Ps^^-a.e. on [0, (r] X n', (5.11) 

^,M,. \^ ^ g n',,-a.s., (5.12) 



where (y"'*'-^,^"-*-^'. _^"'*'^) is a solution of RBSDEs^a;((^, D, / +dn,hi). By Theorem 
5.5, n„(X«) = y;'-'"", t G [0,Cr], i^s.^-a.s, fTVn„(X) ='z"'^'^, dmP's^^-a.e. on [0, Cr] x 

andi^i'''''^ = -4f", t G [0,Ct], -PsV**-^- ?i(s,a;) = limsup„^+^ii„(s, x), (s,x) G Dr- 
Then by (5.10), 

u{Xt) = y/'^ t e [0, Cr], n',.-a-s. (5.13) 

for q.e. (s, x) G Dt- By Lemma 3.6 and (5.11) there exists a Borel measurable function 
i/j on Dt such that 

V'(X) = Z^'^, ® P^^a-e. on [0, Cr] x ^^' (5.14) 

for q.e. {s,x) G Dr- Since the Revuz correspondence is one-to-one, (5.12) implies that 
{P^} is a nonincreasing sequence and B^'^''^ = A^^ , t G [0, Ct]) P's,x'^-^--i where vi is a 
setwise limit of Put 

At = «(Xo) - «(Xt) - / /„(X,) dr + <^ + / V(X,) dBr, t > 0. 

JO Jo 

As in the proof of Theorem 5.5 one can show that there exists a nonnegative smooth 
measure V2 such that A = A^"^ . Let v = — u^. Prom the construction of u^jU^ it 
follows that = , v"^ = u~ and 

Ar = P,^'", tG[0,Cr],P.Va.s. (5.15) 

for q.e. {s,x) G Dt- By (5.13) and (5.15), 

U{S,X) = £;;,(l{C>T-r(0)}¥'(XT-r(0)) + fuO^r) dr + j^^ d(^(f + A^) (5.16) 

for q.e. (s, x) G Dt- By (6.8) in [10] (see the beginning of the proof of [10, Theorem 
6.6]) and Theorems 4.5 and 5.5 and Lemma 2.5, 

WJtv<WM^ \\ljTV<\mTV, (5.17) 
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where 82 = n{v2 — h2)~^ ■nii, V2 is a renormalized solution of PDE(0V(y9, f ^+d\2 + d^) 
with \2 = fv • mi + A~ + /x~ (A is the measure from condition (H6')). From the first 
inequality in (5.17) it follows that ||z^"'"||Ty < +00. Furthermore, from Theorem 5.5 we 
know that supjj>;^ 11^2 IItv < +00. Therefore {7^} is tight, which in fact implies that 
7^^ —7- iy~ weakly on Dt (see the reasoning at the end of the proof of Theorem 5.5). 
Hence ||j^^||ti/ < +00, and consequently v G Alo,6- By (6.32) in [10] and Theorem 
5.5, w„ > V, where v is the first component of the solution of OP{ip, f + dfi, /i2). Using 
(5.13)-(5.16) and Proposition 4.4 one can deduce now in much the same way as in 
the proof of Theorem 5.5 that (u, u) is a solution of 0P((^, / + dji, hi, ^2), u has the 
regularity properties stated in (i) and 

(7V«(X) = V(X), dt ® Pi,^-a.e. on [0, Cr] x Cl' (5.18) 

for q.c. {s,x) G Dt- From what has already been proved, (5.11), (5.14), (5.18) and 
Lemma 3.6 we get (iv). Finally, assertions (ii) and (iii) follow from [10, Theorem 
6.6(ii),(v)], Lemma 3.6, Remark 4.6 and the stochastic representation (5.13)-(5.15), 
(5.18) of the solution {u,u). □ 

Corollary 5.9. Assum,e that barriers /ii,/i2 are quasi- continuous and hi{T,-) < (p < 
/i2(T, •), m-a.e., then the minimality condition (c) in the definition of a solution of the 
obstacle problem is equivalent to (1.5). 

Proof. Since u,hi,h2 are quasi-continuous, from condition (c) it follows that 



Hence 



K,x [ \u-hi){Xr) dAf = E'^^^ [ \h2- u)(X,.) dA';. = 0. (5.19) 

n{u - hi){t,y)pD{s,x,t,y) di^+{t,y) 

= / [ {h2-u)(t,y)pDis,x,t,y)du-{t,y) = 0, (5.20) 

Js JD 

which implies (1.5), because pd{s,x, •, •) is positive on {s,T] x D. Conversely, assume 

that (1.5) is satisfied. Then (5.20), and consequently (5.19) is satisfied. Of course 

(5.19) implies (c). □ 



Let us note that in general, even in the case of one quasi-l.s.c. or quasi-u.s.c. 
reflecting barrier, the integrals in (1.5) may be strictly positive (see [9, Example 5.5]). 

Corollary 5.10. Assume (H1)-(H4). Let {u,u) be a solution of OP{ip, f + dn, hi, h2) ■ 
Then 

u = quasi-essinf{i; > ^1, mi-a.e. : v is a supersolution of PDE((/?, f + dfi — dv^)} 
q.e. on Dt- 

Proof. Follows from Theorem 5.8 and [10, Lemma 4.9]. □ 



30 



Corollary 5.11. Let {u,u) he a solution o/OP(99, / + c?/Lt, /ii, /12) and let h\,h2 & J'T) 
he such that hi <h\<u <h2< h2, mi-a.e. Then 

f„(Xr) dr + dA'i 
Jo 

+ /ll:(X5)l{5<^<T_^(o)}l{5<Cr} + ^2(X<T)l{cT<5}l{<T<Cr} 

+ ¥'(XT-T(0))l{CT=5=r-T(0)}) 

q.e. on Dt, where T' is the set of all {Q'f}- stopping times. 

Proof. Follows from Theorem 5.8 and [16]. □ 
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